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Equations are derived to describe the far-field laminar wake behind a body in incompressible fluid flow with an arbitrary distribution
of the free-stream (unperturbed flow) velocity. For certain classes of free-stream flows, analysis of these equations enables various
processes in narrow wakes or jets to be described (the interaction of the longitudinal transverse velocity components in a jet,
cause it to accelerate or decelerate and conservation of the energy of the wake by distortion of its trajectory regardless of viscous
dissipation). In particular, conditions are obtained for the wake growth in spiral flows, analogous to the Rayleigh conditions for
the instability of two-dimensionally radially symmetric flows relative to three-dimensional short-wave perturbations. © 1998 Elsevier
Science Ltd. All rights reserved.

Mathematically speaking, the hydrodynamic problems under consideration are characterized by the
presence of a small parameter e—the ratio of the characteristic transverse scale to the longitudinal scale
The equations derived and investigated below determine the principal term in the asymptotic expansion
of the solution of the Navier-Stokes equations in terms of this small parameter. It is assumed that the
ratio of the traverse components of the velocity to the longitudinal component is also small (of the order
of £), as is the viscosity coefficient (of the order of € 2__if the viscosity is appreciable, it instantaneously
destroys the wake).

A scheme for constructing such asymptotic expansions was proposed in (1], based on an analysis of
the resonance properties of the Navier-Stokes equations (cf. [1-5]). This scheme has been implemented
for the equations of magnetohydrodynamics [6-9), producing equations that describe the asymptotic
behaviour of localized fields in a plasma; these equations have already been derived for the case of a
cylindrically symmetric pinch [10]. Some of the phenomena studied below in laminar wakes have
analogies in plasma physics; for example, the interaction of the longitudinal and transverse velocity
components in the wake is analogous to the Shafranov-Pustovitov effect (the interaction of the longi-
tudinal and transverse components of the magnetic field in a plasma filament, see [9, 11]).

1. DERIVATION OF THE EQUATIONS DESCRIBING
A LAMINAR WAKE

Consider the steady flow of an incompressible fluid. The velocity field v(x) satisfies the stationary
Navier-Stokes equations

v, V)v+Vp= R—lé Av, (V,v)=0 1.1

where p(x) is the pressure in the fluid and Re is the Reynolds number. Given a free-stream flow V(x),
we wish to study perturbations of the flow with the following properties:

1. the perturbations are small, that is, the velocity field v differs only slightly from the free-stream
velocity field V;

2. the perturbations are localized in a small neighbourhood of a certain curve y in three-dimensional
space.

We introduce a small parameter € characterizing the ratio of the width of the aforementioned
neighbourhood to the characteristic scale of variation of the free-stream velocity field V(x). Conditions
1 and 2 mean that we are studying solutions of Eqs (1.1) that possess the following properties
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lim(v-V)=0, fim Y=Y =0
e—0 e~»0 €

for all x at a finite distance p > 0 (independent of €) from Y.

Such solutions satisfy specially chosen boundary conditions for Egs (1.1). Let us consider an arbitrary
surface T transverse to the field V. Suppose it is defined in R>, by the equations x = r(a), where o =
(0, o) are coordinates on I" and r(o) are smooth functions such that the vectors dr/da.,, dr/doy, V are
linearly independent at all points of I'. Choosing smooth functions § ?(a) (j = 1,2) on I, we assume
given, as boundary conditions on the surface, a small perturbation of the free-stream velocity field
localized near a point o at which these functions vanish

0
Vi = V+er(§J—?—),§2‘?-2,aj (12)

where Ug(y;, y; @) is a smooth vector-valued function that decreases rapidly as |y | — oo (y; = Sojle).

This specification of conditions (1.2) has the following meaning. It is assumed that a narrow wake is
formed in the fluid, the velocity field of the perturbation being known in a certain area element transverse
to the free stream. The problem is to describe the changes in the wake due to the flow as the distance
upstream from the area element increases. Thus, we shall seek a solution of problem (1.1), (1.2) in the
half-space bounded by the surface I".

We will seek the solution of problem (1.1), (1.2) in the form

v(X,€)= A'Ad (x,e)+ eU(lslg—)—,-SLSQ,x)t .
p(x,e):po+mo(—&g—),§lé(ﬁ,x)+ezn(-s“%)-,—s%{l,x)«.. (1.3)

where V¢ is a smooth vector field (the non-decreasing part of the solution), p, is the pressure corres-
ponding to the field V°, the functions U1, y2, X), (Y1, 2, X), To(¥1, 2, X) decrease | y | — oo more quickly
than |y [}, and the functions Sj(x) vanish on a curve y (which is not known in advance); the vectors VS,
and VS, are linearly independent. Throughout, y is the two-dimensional vector of “stretched” variables
y; = Sj/e. As already remarked (see above), the wake can only exist if the viscosity is sufficiently small;
we therefore assume that Re™” = e, v = O(1) in (L.1).

Substituting (1.3) into (1.1) and considering the resulting equation outside a neighbourhood of y
independent of ¢, we obtain V° = V + o(g) (since we will be investigating asymptotic expansions with
the same accuracy, we will assume throughout that V° = V). We now equate the coefficients of each
power of € to zero in the remaining terms.

For €° we obtain

on 2

s sy vs, Mg 5 2 @,vs)=0 1.4
A ey ey T Sy (14)
Multiplying the first (vector) equation in (1.4) by VS; and VS,, we have
2 du on 2 du;

where u; = (U, VS;). Differentiating the first equation in (1.5) (k = 1) with respect to y, and the second
with respect to y,, adding them and taking the third equation into consideration, we get

2 92
Dlng= ¥ (VS,;,VS,)———m, =0
0 j,%‘;l P dy e C

Since this equation is elliptic and ®y decreases at infinity, it follows that 7y = 0 and we deduce from
(1.5) that

(V,V§)=0 (1.6)
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It follows from (1.6), in particular, that the curve ¥ (on which §; = §, = 0) is a streamline of the
field V.

We will now consider the equations obtained by equating the coefficient of €' to zero. Using (1.6)
and the fact that ny is zero, we deduce from the first (vector) equation of (1.1) that

(V,V)U+(U, V)V + 3 @, vs; U ; 9-"-) =vD*U (1.7)
j=l1 ay] a

where V is the gradient with respect to the “slow” variables x with y held constant. Puttingw = (U, V),
using (1.5) and the identities

(VS;,(V,V)U) = (V. V)u; —(U,(V,V)VS))
ov* vt

(V,V)VS; =V(V,VS,-)—-§-VSJ- =-—>-V5; (1.8)
(V,(V,MHU) = (V,VIw - (U,(V,V)V)=(V,V)w - (U %—KV)

2 wV
U= Y (Y )i VS; +|V|2

i,j=1
where oV/dx is the 3 X 3 matrix with elements 0V/dx; (3V*/dx denotes the transpose), and T is the
2 x 2 matrix with elements (VS;and VS;), we deduce from (1.7) and (1.5) equations for the perturbation
u= (ulx u2) w
u+(w,V u=-7V n+ vD*u—- AT 'u-aw, (Vyu)=0 (1.9)
W+, V,)w=vD’w—(T"'b,u)

where V, is the gradient with respect to 'y, u = (V, V)u(w = (V, V)w), and the elements of the 2 x 2
matrley and the vectors a and b are defined by
ox
av vV oav*
a; = VS b,=|V,| — -— |V
! ( s ) / ( (ax ox J 5i ]

We have thus proved the following theorem.

Theorem. Let the vector field V, the curve y and the functions S; satisfy the following conditions:

1. V(x, €) is a smooth vector-valued function of (x, £), which, as | X | — oo, tends to a vector Vy(g) in
such a way that all the derivatives of V with respect to x; tend to zero, and Wthh satisfies Eqs (1.1) in
R3;mod o(g).

2. vis a smooth non-self-intersecting trajectory of V which departs to mﬁmty, and |V}, =8>0.

3. §j(x) are smooth functions, VS, and VS, are linearly independent in Rz, VS; — k; = const as
[x| — oo, all the higher-order derivatives of S; tend to zero §;|, = 0 and Egs (1 6) hold in some
nelghbourhood Q of v, independent of €.

Let u(y, x), w(y, x), 7(y, x) be a smooth solution of system (1.9) for y€ R’ x € Q, satisfying the
condmons limy) . w | = limy_,.] w |, extended continuously to R X R3 in such a way that

= 0 in a neighbourhood of the singular points of the field V(x); let u(y, x) be a smooth two-
dlmensmnal vector-valued function that decreases as | y | — « and satisfies the following equality
in Q

(V,, @) =-(V,U) (1.10)

(the function U(y, x) is defined by (1.8)). Then the vector-valued function
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V(x,e)+ 8U(£1§‘“)»§22—x),x)+ 82l~l(S1(x) , Sy (%) ’x)

€ €
satisfies Eqgs (1.1) in R* mod o(g).

Remarks. 1. 1t follows from the theorem that the construction of an asymptotic solution of problem
(1.1), (1.2) reduces to solving a Cauchy problem for system (1.9). Indeed, let ¥ be a trajectory of V
emanating from a point oy on I'. A solution of Eqs (1.6) that satisfies the condition Sjir = S0 has the
form §i(x) = S%(0u(x)), where a(x) is the point at which the streamline of V passing through X mtersects
the surface T. in other words, if X(a, #) is a solution of the system of ordinary differential equations

dX/dt = V(X), X(@0)=r()
then o(x) is found from the equations
X(o, H=x (1.11)
Now let u(y, o, £), w(y, o, t) be the solution of the Cauchy problem for system (1.9) with initial data
ulo = u(y, &), Wl =wy, ) (1.12)

Then, obviously, the vector U constructed from the functions u(y, a(x), ¢(x)), w(y, a(x), ¢(x)) (see
(1.8)) defines a perturbations of the field V that satisfies conditions (1.2). Here a(x) and #(x) denotes
a solution of system (1.11) (¢(x) is the time in which the trajectory of V emanating from the point o(x)
on the surface I' reaches x).

2. The first equations of system (1.9) recall the two-dimensional stationary Navier-Stokes equations,
with additional “forces” which depend linearly on the velocities; the last equation is similar to the heat
conduction equation. N

3. We say that a functlon u(x, €) satisfies system (1.1) mod o(¢?) if a function p(x, €) exists such that
| (u, V)u + Vp —Re! Au | = o(¥) | (V, u) |= o().

4. Since |U| = 0(12 outside the domain €, it will suffice to require that Egs (1.9) hold in R* x Q,
rather than in all of R°.

5. Equality (1.10) guarantees that the coefficient of €' in the expression (V, v) in (1.1) will vanish.

6. To determine the asymptotic behaviour of the solution of problem (1.1), (1.2) to within o(g), it
will suffice to consider as the flow V a vector field satlsfymg Eqgs (1.1) to within the same accuracy. In
particular, as the viscosity coefficient in (1.1) is O(¢®) and V is a smooth function of &, the field V may
be defined everywhere as a smooth solution of the Euler equations. Such flows will indeed be considered
below as examples.

2. INVESTIGATION OF THE EQUATIONS OF A LAMINAR WAKE.
THE OSEEN APPROXIMATION

We will now investigate the behaviour of the solutions of system (1.9) in the linear approximation.
Dropping non-linear terms in (1.9) (i.e. assuming that the perturbation is small compared with £), we
obtain

u+ AT 'u+aw+TV n=vD%, (V,,u)=0

2.1
W+ (T'b,u)=vD?w @D

The evolution with respect to ¢ (i.e. along a streamline ¥) of solutions of this system depends on the

structure of the matrices 4 and T and the vectors a and b, this structure may differ for different types

of free-stream flow V.
In the simplest case—a constant flow V = (0, 0, V), V; = const—system (2.1) reduces to the parabolic

equations
u=vAu, w=vAw (V,u)=0 22)

whose solutions with initial data (1.12) have the followmg form (throughout, unless otherwise stated,
integration will be performed over the whole space R%)
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v —v 2
u(y,o,f) = 41:w I u°(y’,a)exp[—(—y4—wy—)—}d2y'

1 0/ —(Y—Y')z 2.0,
w ,a’t = —— ’a ——
(¥, 0.2) 4me (v )CXP[ yrwmmd L

Suppose that the surface I is the plane x; = 0, and that Sjr = x; (j = 1, 2). Then, obviously, S(x) =
xj, {x) = x3/V;. Thus the perturbation (wake) has the form

U=U(—é~,—;:-,x3) U(y,x3)= yresey fuey’ O)exp[——()—,-v;yl-]d Yy’ 2.3)

3

Equations (2.2) and formula (2.3) are well known in the theory of a laminar wake (the Oseen
approximation). It follows from (2.3), in particular, that the amplitude of the perturbation U decreases
as x; increases (owing to the viscosity).

The next two sections are devoted to investigating the evolution of the perturbation U in the linear
approximation (i.e. the behaviour of the solutions of system (2.1) as ¢ — ) for more complicated flows,
and to discussing the physical corollaries. An analogous analysis in the unsteady problem, describing
the evolution of a narrow “peak” concentrated in the neighbourhood of a single point, has already been
carried out [12-14].

For the rest of our calculations, it will be convenient to rewrite (2.1) as a system of equations in two
unknown functions, w and y(y, o, t), related to u by the formulae u; = —idy/dy,; u, = idy/dy; (iy is the
stream function of the two-dimensional flow u). Substituting the last formulae into (2.1), changing in
these equations to Founer transforms with respect to y and evaluating the scalar product of the first
equation by the vector T~'n’ (n = (k,, —k,), where k; are variables due to y; and the prime denotes
transposition), we obtain a system of ordinary dlfferentlal equations

a4y (T'n,AT™) . (a,T7'n) o
dt * (n,T7'n) +(n,T“‘) =k TOY (2.4)

% +(b, T'n)§ = —v(k, Tk)W, k=(k,k,)

where (k) and w(k) are the Fourier transforms of w(y) and w(y), respectively. Let y(k, a, £), w(k, o, t)
be a solution of system (2.4) with initial data

Wl,_o = wo (k, 00); \"l'f'1=o = \T/o k,a) (1y = \T’on) (25)

Then the solution of system (2.1) with initial data (1.12) will be

od/d
u(y, o) =~i u 5/ ;; L J e *G(k, o, )d?k
1
¢ iy
w(y,0,t) = E—EI e ®5k, o, 0)dk (2.6)

Thus, to determine the evolution of the perturbation U, one has to solve system (2.4) and then evaluate
the integrals (2.6).

3. FLOWS WITH STRAIGHT STREAMLINES. INTERACTION
OF LONGITUDINAL AND TRANSVERSE COMPONENTS
OF THE VELOCITY IN THE WAKE

Unidirectional flows. Let the free-stream flow be V(x) = (0, 0, V(x,, x2)). The streamlines are straight
lines parallel to the x; axis, the velocity of motion of the fluid particles varies from line to line. Let ¥
be the streamline x; = x, = 0, and let " be the plane x; = 0. Let S? = x, then, obviously, S;(x) = x;.
Elementary calculations give
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V V,
u(y,x) = 7"1%;—)1 “o(Y')eXP[-z\%(y -y }dzy’
3 3

w(y,x) = ‘j’,ﬁj;)wy')exp[— o <y—y’>2}d2 - 3.1)
3 3

2., ', x,D.VOE) [ Wy -y)?
€X

(‘[ dz’!zd y 41CV(_X3—Z) 4v(x3_z)] X, =(x],X2)

1
2
The last term describes the influence of the transverse components of the velocity in the wake (u)
on the longitudinal component (w). This influence—acceleration or deceleration of the jet—occurs
because the velocity of motion of the fluid particles may differ on different streamlines of the free-stream
flow V. It is indeed obvious from (3.1) that transverse circulations in the direction of increasing velocity
of the fluid particles ((u, V)V’2 > 0) slow down the jet, while circulations in the direction of decreasing
velocity ((u, V)V'2 < 0) speed it up. Note that the whole perturbation is damped as x3 — oo because of
viscosity, while, since (V,, ug) = 0, the transverse component u of the velocity decreases as 1/x3.

Plane-parallel flows with variable direction. Let the free-stream flow have the form V = (Vj(x3),
V,(x3), 0). The streamlines are straight lines in the horizontal planesx; = const; the flow direction changes
from plane to plane. Let I be a plane passing through the x3 axis and cutting the plane x; = 0 in a straight
line orthogonal to the vector V(0). The equations of this plane are x3 = oy, X|| = W(oy)op, where
X)) = (1, X2), Wixs) = (Va(x3), —V(x3)). Let the streamline y be the straight line x = V(0)¢t, and define
the functions S? as 89 = V¥ (oo §% = o. Trajectories of the field } emanating from the plane I have
the form X = V| (ay; ¢ + W(oy)op, x3 = 0. The calculations lead to the following solution of the first
equation in (2.4)

(Vo W)t +kp + 0y (V VO + Vi
[k, + 0k, (V, V) + V2]

\T’(k, o, t) = ‘T’O(kv a’)
1
xexp(—-v{vzklzt + m,—)((k,az(v,v') +hy + ki (Vi WO — (k0 (V, V) + k) )}) |

Easy but cumbersome evaluations of the integrals (2.6) now show that the transverse components
of the perturbations are

2 1

U, =3 (T;u(VS))=0—= as 1o
1 i,%__] ( )u l( ]) J;

Thus, the perturbation decreases as t — oo more slowly than for unidirectional flows, i.e. change of

the flow direction obstructs viscous damping.
Finally, let us consider the interaction of the longitudinal and transverse components of the velocity

in such flows. The equation for w is

. _ (V,V) )
w~vD*w=—(u,T"'b) =~ 7 u2=—U3éx—3]n|VI

Thus, if the transverse circulations in the jet are in the direction of increasing | V|, the jet will slow
down; otherwise the jet will accelerate, just as in the case of unidirectional free-stream flows.

4. SPIRAL FLOW. ENERGY JUMP IN THE WAKE. THE ANALOGUE OF
RAYLEIGH’S INSTABILITY CONDITION

Let us consider the evolution of a laminar wake in a free-stream flow

r (01 O
V =w(r) e, +—e, |= ~—X;,—X,® |, ry=const
) o o
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where e, ey, e, are unit vectors of a cylindrical system of coordinates. The streamlines of this field are
spiral curves

X =rcos@(t~ty), xy=rsin®w(t-1), z=0t+z

(r = const on the trajectories). Equation (1.6) in cylindrical coordinates

9,195 _,
0z 1y 9@

has the general solution S; = ®,(r, @ — z/ry), where ®(r, @) are arbitrary functions. Let us assume that
these functions depend on only one variable, so that §; = ®,(r), §; = ®(¢ - z/rp), where ®; are smooth
functions, ®; # 0 in Q. Calculating the coefficients in Eqgs (2.4), we obtain

d. 20%rd . o, . d. 2E® . .,
v 2K w=-k"oy, i p Y =-kow (4.1)
where
g K

2. 1, 2 2 242
=rw’ +— o0 (r +r \ k = +———
& 2 (0 ) g ¢;2 ¢;2(r-2 +r0"2)
0 = Ik (k2 (®7)* + K (®5)* (r 2 +152))

The solutions of this system depend on the time as e~ Vk2o¥ jf

%
_ 1 3,39, 29 _| 4e?r(@))%t |
E"_A,(r2+r02)8r(m (r"+15)7)>0 (?"_I k2§2r04 |

and as e(®* V20X jf

%(m’(r2 +2)%)<0 (4.2)

Assume that inequality (4.2) is true. We will investigate the behaviour as ¢ — « of the perturbation
u(y, o, #). Solving system (4.1) and omitting terms containing e~ ¥2°¥ we obtain

___]_ ky r-viklorf - ) i(k,y) 42 = ro’
us=_- I(_k])e \Vo(k)"‘m(k)) Y4k, B= ?I—i—l

For simplicity, we will consider the behaviour of the perturbation on the wake axis, i.c. fory = 0. Chang-
ing to polar coordinates p, 8 in the last integral, substituting p — z = pV(vat), expanding y(z/V(vat)),
wo(zN(vot)) by Taylor’s formula and evaluating the integral with respect todz in the leading terms, we obtain

___1__27‘ sin@ gﬁl A/ =
u(o)_ant 0 (—cose)c(e)e (Fo(@+

i (9w, Wy . . VB Wy (0) 1
+ T eor ( o, (O)cosB+—a-k7(0)sm 9J+T=2 — ————B(e) + -t—) de

The function A() has a non-degenerate maximum at 8 = n/2 and 8 = 3m/2. Using Laplace’s method,
we obtain

C aw 1 5 V2B
0)=—% Aot P ot o C= 0
u(0) =75 (0)(0}3 +0(t™7%M), 1o C . Ty (4.3)
0 2

where the subscript zero means that the function in question is evaluated at 6 = 7/2.
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It follows from (4.3) that, when condition (4.2) is satisfied, the perturbation U will not only not decay
but will increase exponentially as ¢ — o, regardless of the viscosity (note that | VS; | and the elements
of the matrix I'"! are constant on trajectories of the free-stream flow). This effect—an energy jump in
a jet—may be associated with the curvature of the streamlines of the free-stream flow; it is the curvature
of the trajectories that enables the perturbation to “pick up” energy from the free-stream flow (as already
remarked in Section 3; in flows with rectilinear trajectories the wake is damped). Note that when
ro = 0 condition (4.2) is precisely Rayleigh’s instability criterion (see, e.g. [13-16])—a condition that
guarantees exponential growth of a three-dimensional short-wave perturbation in a two-dimensional
radially symmetric flow V = roe,. Of course, we are not concerned here with ordinary stability (in
Lyapunov’s sense or in the linear approximation), since the problem is a steady-state one. At the same
time, the effect of the wake increasing along a trajectory is similar to instability; it may possibly point
to the “irregular” organization of the set of stationary points in the phase space of the Navier-Stokes
dynamical system.

Formula (4.3) also indicates a phenomenon in curved wakes: the longitudinal components of the
velocity generate transverse components (only the reverse effect is observed in rectilinear flows; see
Section 3). Under these conditions, the strongest growth in a spiral flow is that of the component u;—
the projection of the perturbation onto the radial direction. Thus, as the distance from the body in the
flow increases, the wake is “pulled out” along the axis of the cylinder on which the spiral trajectory of
the free-stream flow lies.
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